We present results supporting the Horowitz-Myers conjecture, that the Horowitz-Myers metrics minimise energy in the relevant classes of metrics.
I. INTRODUCTION
The Horowitz-Myers (HM) solutions of vacuum Einstein equations with a negative cosmological constant provide an interesting example of Asymptotically Locally Hyperbolic (ALH) static metrics with total mass which is negative when compared with that of a locally maximally symmetric hyperbolic metric with the same toroidal conformal geometry at infinity.
It has been conjectured in [8, Conjectures 1 and 2] that in spacetime dimension five, and in [7, Section 4] in all dimensions, that the negativity of the relative mass is a normalisation artifact, and that all solutions of the general relativistic constraint equations with the same manifold ("bulk") topology and same conformal geometry at infinity will have energy larger than the corresponding Horowitz-Myers solution.
The aim of this note is to show that the conjecture is correct for some classes of time-symmetric n-dimensional solutions of the general relativistic constraint equations, namely for U (1) n−1 symmetric metrics with an orthogonallytransitive U (1) n−2 subgroup, and for a subclass of U (1) n−2 symmetric metrics with an orthogonally-transitive U (1) n−2 -action. We also present an analysis of the mass of small perturbations of HM metrics, providing some evidence for positivity but failing to settle the issue.
The reader interested in the relevance of the HM conjecture to issues in AdS/CFT is referred to [7] [8] [9] .
II. PRELIMINARIES
Let (M, g) be a smooth n-dimensional Riemannian manifold, n ≥ 2. Static KIDs are defined as functions V on M satisfying
When g has constant scalar curvature, an equivalent form is
for some constant λ ∈ R. Here R ij denotes the Ricci tensor of the metric g, D the Levi-Civita connection of g, and
When λ < 0, rescaling g by a constant factor if necessary, when the background metric has constant scalar curvature we can without loss of generality assume that λ = −n so that R := g ij R ij = λ(n − 1) = −n(n − 1) , and this normalisation will be often chosen. This is equivalent to setting ℓ = 1 in the HM metric (C.1) below and elsewhere in our equations.
Ignoring an overall dimension-dependent constant, we use the usual definition (cf., e.g. [6] ) of the mass m of a Riemannian metric g asymptotic to a metric g with a static KID V :
The limit as R → ∞ of the integrand of the mass, whenever it exists, will be referred to as the mass aspect.
III. POSITIVITY FOR SELECTED CLASSES OF METRICS
A. Positivity for a class of U (1) n−1 invariant metrics Consider a metric on
which is invariant under rotations of the R 2 factor as well as rotations of each of the factors S 1 of the torus T n−2 . In coordinates adapted to the symmetry it can be written in the form
where all the g ij 's depend only upon the polar radial coordinate on R 2 , which will be denoted by r. A redefinition of the coordinates
where
, with a, b = 2, 3, . . . , n and A, B = 3, . . . , n, with suitably chosen functions f a allows one to obtain g ra = 0, bringing the metric to the form
where u, v, g AB , g θA are functions of r only. A calculation gives
We will specialise to the case where the orbits of the U (1) n−2 -isometry subgroup acting on the torus factor of M are orthogonal to the R 2 factor; this is sometimes referred to as orthogonal-transitivity and is, at least locally, equivalent to the condition that each of the covector fields, say X ♭ (A) , A = 3, . . . , n, associated with the Killing vectors X (A) generating the U (1) n−2 action on the torus factor of M satisfies
In other words, the metric is U (1) n−1 -invariant with an orthogonally-transitive U (1) n−2 subgroup. In this case there exist coordinates in which the metric takes the form
where u, v and the g AB 's still depend only upon r. We then have
We wish to show that metrics in this class have positive mass with respect to their asymptotic HM background (with V = r/ℓ in the coordinates of (C.1) below), whenever the scalar curvature satisfies
This condition is equivalent to the hypothesis of positivity of energy density for time-symmetric general relativistic initial data sets with negative cosmological constant Λ = −n(n − 1)/2. Indeed, we claim:
Theorem III.1 Consider a metric g on R 2 × T n−2 of the form (III.6) where all the metric functions depend only upon r and which has a well defined total mass m with respect to a Horowitz-Myers metric. If the Ricci scalar R of g satisfies (III.9) then m ≥ 0 , vanishing if and only if g coincides with its asymptotic Horowitz-Myers metric.
The reader is referred to [6] for the detailed asymptotic conditions needed for a well-defined mass.
Proof: It turns out that the proof is most transparent for metrics of the form
where u, v and w are functions of r. We will therefore first carry-out the proof in this case. For the metric (III.10) we have
Suppose that g asymptotes to a Horowitz-Myers metric (C.1) with parameter r 0 . We will denote this asymptotic background as g HM,r0 . We have
It is readily seen that R(g HM,r0 ) = −n(n − 1). In order to obtain a smooth metric at r = r 0 , θ needs to have period
Using e.g. the perturbation arguments in [3, 5] , in order to prove positivity it suffices to assume that the components of the metric, when expressed in terms of ON-frame of the asymptotic background, behave as r −n plus o(r −n ) terms, and that this behaviour is preserved under differentiation. We can therefore, without loss of geneality, assume the asymptotic expansions, for large r,
where u n , v n and w n are constants. In order to determine the mass aspect, rather than calculating the integrand of (II.3) one can proceed as follows: We have
It follows, e.g. from the way that the mass is introduced in [6] , that the mass aspect function of g relative to g HM equals, up to a positive multiplicative constant,
The next step of our analysis consists of redefining the coordinate r so that the functionû, as defined with respect to the new coordinates, vanishes:
Lemma III.2 There exists a smooth increasing function r →r(r) such that
Then there exists a constant F n depending upon the space dimension n such that
The desired functionr is then defined by
We proceed to check (III.15)-(III.16). Indeed, we have by the definition ofr 0 that
Using (III.17) and 
whereũ,ṽ andw are functions ofr ∈ [r 0 , ∞), keeping in mind that θ is an angular variable with period
whereṽ n andw n are constants, and note that the function ũ :=ũ − u HM,r0 is identically zero by construction. It is readily seen thatṽ
Hence, by (III.14),
This implies
where ′ now stands for d dr and η is any function ofr which vanishes atr =r 0 and η → 1 asr → ∞. Recall formula (III.11), which in the current coordinate system translates to
Using that g HM,r0 has curvature −n(n − 1), we thus have
Using η =r −(n+1) e 2vHM,r 0 +(n−1)wHM,r 0 + ṽ in (III.20) and noting that u HM,r0 = −v HM,r0 , we arrive at
The term containing ṽ ′ can be computed as follows:
As g is regular atr =r 0 and θ has period 4π nr0 , we have that
Altogether we obtain
e 2vHM,r 0 +(n−1)wHM,r 0 + ṽ 1 2 e 2uHM,r 0 (R + n(n − 1))
The quantity − (r 0 − r 0 ) is non-negative due to the convexity of the function t → t n , which establishes that Θ(g) is positive or vanishes.
The case m = 0 implies Θ(g) = 0, and (III.27) gives
We see that w ≡ 0 = w n = ṽ n as well, and (III.22) gives
while from (III.26) we obtain
The maximum principle shows that ṽ ≡ 0, and we have proved:
Proposition III.3 If the metric g in (III.10) satisfies R ≥ −n(n − 1) then g has non-negative mass, vanishing if and only if g coincides with the corresponding Horowitz-Myers metric. ✷
We now pass to general U (1) n−1 -orthogonally-transitive-invariant metrics (III.6). For this let us write
with W as in (III.8), thus g AB H AB = 0. This allows us to rewrite the last term appearing in the formula (III.7) for the Ricci scalar of g as
Inserting this into (III.7) one obtains
the inequality (III.32) can be rewritten as
This coincides with (III.21) except that the equality there is changed to an inequality consistent with what we need to prove. With the definition (III.33) the formula (III.14) (derived as the mass aspect of the metric (III.10)) provides also the correct formula for the metric (III.6). The argument of the proof of Proposition III.3 leads again to (III.23) and (III.27) with the equalities there replaced by ≥, which establishes that m ≥ 0. If m = 0 all the inequalities arising in the argument have to be equalities, in particular (III.31) with ≤ replaced by an equality implies that ∂ r g AB is pure trace, and Proposition III.3 applies. The proof of Theorem III.1 is complete. ✷ B. Positivity for a class of orthogonally-transitive-U (1) n−2 -invariant metrics It turns out that the arguments given so far partially generalise to metrics which are invariant under an orthogonallytransitive action of U (1) n−2 by isometries of the torus factor of M . Such metrics can be written in the form (III.35) where u, v, g AB are functions of (r, θ). One finds
A useful device in the U (1) n−1 -symmetric case was the introduction of a new radial coordinater so that grr takes a canonical form. This does not seem to go through in the general case above while preserving a form of the metric which is convenient for the remaining arguments. On the other hand, the proof generalises if we assume at the outset that
(III.38)
We then have:
Theorem III.4 Consider a metric g on R 2 × T n−2 of the form (III.35) where the metric functions depend only upon (r, θ) and which has a well defined total mass m with respect to a Horowitz-Myers background metric. If (III.38) holds and if the Ricci scalar R of g satisfies R ≥ −n(n − 1) then m ≥ 0 , vanishing if and only if g coincides with its asymptotic Horowitz-Myers metric.
Proof: As before, the proof is most transparent for metrics of the form
where we allow now u, v and w to depend both upon r and θ. Then
If we assume (III.38) and write v = v HM +v and w = w HM +ŵ then, using (III.22),
Already-mentioned perturbation arguments allow us to assume that g is asymptotic to g HM in the sense of (III.12), where the expansion coefficients are now allowed to depend upon θ. We have
where η is any function which vanishes at r = r 0 and η → 1 as r → ∞. In the sequel we take η = r −(n+1) e 2vHM+(n−1)wHM+v . Using u HM = −v HM we find
Regularity of the metric at the core geodesic r = r 0 requiresv = 0 there. Similarly to (III.25) we have now
The term containing −ŵ ,θθ +v ,θŵ,θ cancels away after integrating over θ:
So, under the hypotheses of Theorem III.4, we obtain non-negativity of mass for metrics satisfying moreover (III.39). The vanishing of the mass impliesŵ ≡ 0 and one concludes by an argument similar to that in the proof of Proposition III.3.
We consider now the general case. Formula (III.36) withû ≡ 0 implies
where we have used (III.31). Introducing
allows us to rewrite (III.42) as
This differs from (III.40) by the replacement of an equality sign by ≤, and replacement of w ,θ by W θ /(n − 1). The rest of the proof requires only trivial changes, for example (III.41) is replaced by
The details are left to the reader. ✷
IV. PERTURBATIONS OF STATIC RIEMANNIAN METRICS
In the remainder of this work we wish to address the question of positivity of the relative mass for small perturbations of the Horowitz-Myers metrics. We start with some general considerations.
Given a metric g asymptotic to a background metric g, we define
We will denote byȟ, respectively byĥ, the g-trace-free, respectively the g-trace-free, part of h:
The most relevant fields for our purposes here are φ andĥ, and we emphasise thatȟ andĥ differ by terms quadratic in ε if h = O(ε) and if ε is small; similarly for φ andφ. We also use the notation
In order to address the question of gauge-freedom, it would be convenient to apply a diffeomorphism to g so thať
vanishes. The equationψ i = 0 will be referred-to as the harmonicity condition, which is motivated by the fact that it reduces to the harmonic-coordinates condition in the case of a flat background. It is likely that the harmonicity condition can be achieved in whole generality for perturbations of a Horowitz-Myers background, but this is irrelevant for the current work as our analysis is inconclusive anyway.
In [2] the following formula was derived, which holds for any asymptotically hyperbolic background (M, g) with a static KID V , under the usual conditions for existence of the hyperbolic mass m:
All indices are raised and lowered using the background metric g. We will also need another formula from [2] :
In the notation of (IV.2)-(IV.7), the identity (IV.9) becomes
gauge and higher order terms .
(IV.11)
It follows that a metric perturbation will satisfy the linearised time-symmetric scalar constraint equation if and only if
If g is a space-form the term linear inĥ ij at the right-hand side vanishes, which typically implies that φ itself is higher order (compare the discussion before Equation (2.14) in [4] ). However, this is not true for general g andĥ, in particular one cannot assume that φ = 0 for general perturbations of the Horowitz-Myers metrics in harmonic gauge. Let us consider a one-parameter family of perturbations h of the metric of the form
where (1) h and (2) h are independent of ǫ. We assume that this expansion is preserved by differentiation. Subsequently, the mass will have an expansion
We will use similar notation for expansions ofĥ and φ:
Suppose, first, that h satisfies the constraint equation up to terms of order ǫ 2 ; equivalently, that (1) h satisfies the linearised constraint equation. Dividing (IV.8) by ǫ and passing to the limit ǫ = 0 one obtains the well-known result, that static metrics are local extrema of mass on the set of solutions of the constraint equations: (1) m= 0 .
(IV.16) Suppose, next, that h satisfies the constraint equation up to terms of order ǫ 3 and that the gauge conditionψ k = 0 holds. Dividing (IV.8) now by ǫ 2 and passing to the limit ǫ = 0 one obtains
(1)
We note that the knowledge of the perturbed metric to first order in ǫ suffices to obtain a formula for the mass which is accurate to second order in ǫ.
To simplify notation, we will from now on interchangedly write (
φ ,
h ) and (φ,ĥ), the smalleness parameter ǫ being implicitly understood whenever required.
V. PERTURBATIONS OF HOROWITZ-MYERS METRICS
If g is the space-part of the Horowitz-Myers metric, the curvature-dependent terms in (IV.17) read (see Appendix C)
r 0 r n ĥ11 +ĥ22 , (V.1) with ĥâî ≡ 0 ≡ ĥâb , where from now on a, b ∈ {1, 2}, and where hatted indices denote frame components with a respect to the g-orthonormal frame (C.8) below.
The question arises, whether the quadratic form (IV.17) in the fields (
h ij ) is positive definite. An affirmative answer would establish the Horowitz-Myers conjecture for small perturbations of Horowitz-Myers metrics. We show in Appendix A that this is not the case: there exist fields so that the right-hand side of (IV.17) is negative.
However, the examples there satisfy neither the linearised constraint equations nor the harmonicity conditions, as would have been needed to invalidate the conjecture. And we have neither been able to find fields satisfying all necessary requirements, nor to prove that no such fields with negative (2) m exist. The analysis that we present below suggests strongly, but fails to prove, that if such fields existed, then there would also exist negative mass configurations depending only upon r. Since we have just proved that any metric in the relevant class depending only upon r has positive mass, we are led to suspect that the Horowitz-Myers conjecture is also correct for small perturbations of the Horowitz-Myers metrics.
An obvious approach to analyse the sign of the right-hand side of (IV.17) is to estimate (2) m from below by discarding all positive terms which do not contain radial derivatives of the fields. Thus, from the term 
